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‡Universite ́ Paris-Est, Laboratoire Modeĺisation et Simulation Multi Echelle, MSME UMR 8208 CNRS, 5 bd Descartes, 77454
Marne-la-Valleé, France
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ABSTRACT: We study the quantum nuclear motion of N 4He
atoms or N N2 molecules (N < 4) conﬁned in carbon nanotubes
using an ad hoc-developed nuclear wave function-based
approach. Density functional theory (DFT)-based symmetry-
adapted perturbation theory is used to derive parameters for a
new pairwise potential model describing the gas adsorption to
carbon materials. The predicted nuclear motion of He atoms
inside a conﬁning potential is directly compared to probability
densities obtained by orbital-free He-DFT theory. The
interaction of small clusters of adsorbates is also studied via a
combination of both the discrete atomic and the continuous
density approaches. Our results agree well with previously
reported experimental and theoretical studies and provide new physical insights into the very diﬀerent quantum conﬁnement
eﬀects depending on the diameter of the carbon nanotubes and the impact of quantum phenomena on the gas storage
capabilities at low temperatures.
1. INTRODUCTION
Carbon-based nanoporous materials and, in particular, carbon
nanotubes (CNTs), occupy nowadays a pivotal role in
nanoscience1 and nanotechnology.2 High-surface areas and
precisely tuned pores of these cylindrically deformed graphene-
like materials make them useful for applications such as gas
adsorption, in particular for the eﬃcient storage of H2,
improving conventional liquids or compressed gas technologies,
the selective separation of light isotopes,3 and, more recently, as
nanoreactors to synthesize and conﬁne metal nanoparticles in
quasi one-dimensional conﬁgurations.4
Understanding the role of nuclear quantum eﬀects and
intramolecular interactions in the adsorption of molecules in
carbon nanotubes is deeply fundamental, being also a
prerequisite in controlling the potential capacities of the
nanotubes in, for instance, gas storage and isotope separation.
Adsorption and diﬀusion processes through porous materials
are most often studied by molecular dynamics simulations. For
the case of light species, quantum zero point and tunneling
eﬀects can be signiﬁcant. An interesting example is the
3He/4He separation via its diﬀusion through the nanopores of
graphene membranes5,6 and graphdiyne.7,8
Very recently, Ohba has measured the adsorption of helium
in carbon nanopores at very low temperatures of 2−5 K,
comparing it with that of molecular nitrogen.9 In contrast with
the classical expectation based on kinetic diameters, while
helium was found to be barely adsorbed through carbon
nanopores of diameter below 0.7 nm, an unhampered diﬀusion
was noticed for nitrogen molecules through smaller diameter
nanopores. Using Path Integral Molecular Dynamics (PIMD)
simulations with semiempirical potentials,9 the author
attributed the experimental observations to the quantum
behavior of helium in the low-temperature regime.
A key limitation in simulating adsorption processes is the
selection of the adsorbate−CNT and adsorbate−adsorbate
interaction potentials. Highly accurate potentials exist for
adsorbate−adsorbate interactions and, in particular, for He−He
and N2−N2 pairs,
10,11 based on very accurate ab initio
calculations, accounting for post-BO relativistic and quantum
electrodynamic eﬀects,10 and are rigorously validated by
experimental measurements.12,13 Although accurate adsor-
bate−CNT potentials are generally less available, modern
intermolecular interaction theory along with eﬃcient density-
ﬁtting techniques allow an ab initio characterization of van der
Waals (vdW) interactions at the nanoscale. For example, recent
options for accurate calculations of vdW adsorbate−surface
interactions include the incremental method applied at the
coupled-cluster level,14−18 embedded approaches,19 symmetry-
adapted perturbation theory,19−22 and mixed strategies
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combining nonperiodic ab initio and periodic DFT
schemes.15−18,23
In our recent theoretical study21 (referred to as Paper I in the
following), the He/CNT interaction potential was determined
by extending the atom−bond potential model.24 To validate
this model, ab initio calculations were carried out with DFT-
based symmetry adapted perturbation theory [SAPT-
(DFT)].25,26 In this follow-up study, we present SAPT(DFT)
interaction energies for both He/CNT and N2/CNT systems
using larger electronic basis sets than in Paper I.21 Moreover, a
new pairwise potential model (PPM) is proposed, with model
parameters extracted from the SAPT(DFT) dispersionless and
dispersion interaction energies.
Another major diﬃculty in simulating adsorption in CNTs at
the nanoscale is in accounting for the quantum nature of light
adsorbates at very low temperatures. For the particular case of
helium,21 this problem could be overcome by applying orbital-
free helium density functional theory at zero-temperature (the
He-DFT method).27,28 Using this approach, a 4He2000 droplet
was described as a condensate with all the helium atoms in the
same quantum state and the CNT was embedded within the
droplet. This way, it was shown that the experimental result
arises from the exceptionally high zero-point energy of helium
and its tendency to form spatially separated layers upon
adsorption at low temperatures.21 Furthermore, by averaging
the helium density ﬂooding into the immersed CNT, CNT
diameter-dependent helium ﬁlling factors were determined
which agree well with the experimental data.9
The helium layering structure in nanotubes reported in Paper
I21 is also consistent with recent PIMC and quantum Monte
Carlo (QMC) simulations of helium ﬂow in carbon nano-
tubes29 and through Si3N4 nanopores.
30 An interesting
diﬀerence between He-DFT and PIMC/QMC simulations is
that the former indicates the formation of cavities of zero
density within the tubes.21 However, zero radial densities have
been reported in very recent QMC simulations of para-
hydrogen in carbon nanotubes.31 The layering of the 4He
atoms has been attributed to the interplay between the
attractive nature of the He/CNT interaction and the hard-
core of the He−He interatomic potential.21,29 The He-DFT
approach includes a density functional phenomenological term
to characterize the short-range He−He correlations arising
from the He−He potential wall, which has to be truncated at
short distances. As the next step forward, we present
benchmark nuclear wave function-based (NWF) results for
(4He)N clusters (N < 4) inside CNTs of diﬀerent radii. This
method consists in explicitly solving the nuclear Schrödinger
equation in the real space. For the discretization, we have used
the Discrete Variable Representation (DVR) method.32 Within
the selected model (adiabatic formulation, reduced dimension
space for N2, and pairwise interaction approximation), this
provides an exact solution if convergence with the DVR basis is
achieved. Appealing advantages of the NWF method are the
absence of the phenomenological terms, the employment of the
bare (untruncated) He−He potential, the inclusion of bosonic
symmetry, and the possibility of calculating excited states. Our
results are compared to those obtained for (N2)N (N < 3),
providing further insights into the experimental observation of
Ohba.9 For the sake of consistency, the He-DFT approach has
been applied as in Paper I21 but using the potential model
proposed in this work. Moreover, we have developed a mixed
NWF/He-DFT approach to get further insights into helium
adsorption. Clearly, the considered Hamiltonian for the nuclear
motion is a model, even within the adiabatic approximation.
This Hamiltonian model does not include many-body terms for
both (adsorbate cluster)−CNT and internal adsorbate
interactions, and in the case of the N2 molecule, the internal
degrees of freedom. These are, however, the common
approximations used in all methods applied to this problem.
The rotational motion for molecular adsorbates can be
explicitly included into the NWF treatment, which will be the
subject of a follow-up study.
The structure of this paper is as follows: In Section 2 the
nuclear wave function-based method and the mixed NWF/He-
DFT approach are presented. Section 3 focuses on the SAPT-
based decomposition of the He/CNT and N2/CNT interaction
and discusses our new pairwise potential model. Section 4
analyzes the nuclear wave functions of (4He)N and (N2)N
clusters inside and outside CNTs. The results from He-DFT
and mixed He-DFT/NWF calculations are discussed in Section
5. Finally, Section 6 presents a global analysis of this work in
the scenario of the experimental measurements and closes with
the concluding remarks and future prospects.
Figure 1. Figure illustrating the atomic structural models for 4He/CNT and N2/CNT systems. Gray spheres represent carbon atoms while sea-green
and blue spheres stand for one 4He atom and one N2 molecule inside a carbon nanotube with diameter of about 1.1 nm. Cylindrical coordinates (r,
ϕ, z) of the 4He atom and the N2 mass center are also indicated. The N−N bond is oriented along the z axis, with the bond length ﬁxed to the
equilibrium value, req = 1.098 Å.
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2. THEORY
2.1. Nuclear Wave-Function Approach: Hamiltonian
Model. We have calculated the nuclear wave function of N =
1−3 4He atoms or 1−2 N2 molecules in carbon nanotubes of
helicity indices (5,5) and (9,9), with diameters below and above
0.7 nm, respectively. The carbon atoms of the nanotube were
kept frozen, choosing the experimental C−C bond length of
graphite (1.42 Å) for the nanotube geometries. Figure 1
illustrates the structural models of our systems.
We brieﬂy outline the nuclear wave function-based (NWF)
approach while the details are provided in the Supporting
Information. To unify the notation, the adsorbate (the 4He
atom or the N2 molecule) is referred to as “A” in the equations
below. For the (N2)N/CNT system, as shown in Figure 1, the
N2 molecules are described as structureless bosonic particles,
with the N−N bond oriented along the tube transversal axis z,
i.e. with the (N2)N oligomeres in a parallel in-line conﬁguration.
Using cylindric coordinates ri ≡ (ri,ϕi,zi) for a reference 4He
atom, or the center-of-mass of a reference N2 molecule,
contained in (or adsorbed to) a carbon nanotube, we assume
the Z axis of the body-ﬁxed (BF) coordinate system parallel to
the tube long axis z (see Figure 1). Then, the one-particle
Hamiltonian reads
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The ﬁrst term on the right-hand side is the kinetic energy
operator expressed in cylindric coordinates with M denoting
the mass of the adsorbate. The second term on the left-hand
side is the kinetic energy operator (referred to as K̂ in the
following), and the last term, VA−CNT, is the adsorbate/CNT
interaction potential. The total Hamiltonian of N 4He atoms or
N N2 molecules in the nanotube can be then written as
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where VA−A is the interadsorbate (He−He or N2−N2)
potential, with
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The variable Rij corresponds to the distance between two He
atoms or N2 molecules.
To preserve the cylindric symmetry of the system, the very
small corrugation appearing along the azimuthal degree of
freedom ϕ is ignored. Moreover (see also Paper I21), the
adsorbate−CNT interaction is almost constant along the z axis,
decaying slowly at the borders. Then, considering long
nanotubes, we can assume that the interaction potential
depends only on r (one-dimensional 1D model) and
VA−CNT(r). Using this special form of the interaction potential,
the z components of the total angular momentum, Λ, and the
total momentum, PZ, are conserved. Therefore, the coordinates
corresponding to the global rotation about z, Φ =∑i ϕi/N, and
the collective motion along z, Z = ∑i zi/N, can be separated.
Explicitly, the bound-state wave functions for a single 4He atom
or N2 molecule in the nanotube can be written as (for Z = 0)
ψ ϕ ı ϕ
π
ψ=r m r( , ) exp( )
2
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n
m
n
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which introduces the quantum number m as the z component
of the total angular momentum. The single-particle bound
states ψm
n (r) (referred to as nuclear orbitals) are calculated by
solving numerically the Schrödinger equation ĥmψm
n (r) =
ϵm
nψm(r), with (see Supporting Information)
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To this end, we used 2D-harmonic oscillator functions of a
frequency w depending on the adsorbate (4He or N2) and the
adsorbate location (inside or outside of the carbon nanotube).
These nuclear orbitals served as a potential-optimized basis set
to calculate the nuclear wave function for N = 2 and 3. For the
case of N = 2, after separating the overall rotation Φ and the
overall displacement Z, the total wave function can be written
as
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with ϕ12 = ϕ2 − ϕ1, and z12 = z2 − z1. Once again, K represents
the overall Z momentum and can be omitted (K = 0). The
remaining four-dimensional 4D wave function of bosonic 4He
atoms or N2 molecules must be symmetric,
ϕ ϕΨ − − = ΨΛ Λr r z r r z( , , , ) ( , , , )n n2 1 12 12 1 2 12 12
The ΨΛn wave function is a solution of the (Λ-dependent) 4D
Hamiltonian,
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The 4D Hamiltonian problem is solved by using the Discrete
Variable Representation (DVR) approach.32 The basis set is
obtained as a direct product of functions for the ri, z12, and ϕ12
coordinates. For the ri degrees of freedom, we use the potential-
optimized DVR functions33 corresponding to the solution of eq
3, built from 2D-harmonic oscillator functions. For z12 and ϕ12
coordinates, Sinc-DVR functions are employed, with the latter
corresponding to exp(ımϕ12) harmonics. A similar approach is
applied for N = 3, where the Hamiltonian becomes seven
dimensional (7D); see the Supporting Information for further
details.
2.2. Mixed Nuclear Wave-Function and Helium
Density Functional Approach. To study larger clusters
accounting for quantum eﬀects, we combine NWF and Helium
Density Functional (He-DFT) approaches. As in Paper I,21 the
system consists of a 4He2000 droplet containing carbon
nanotubes of several size. We assume that the helium droplet
is a Bose−Einstein condensate with all the 4He atoms in the
same single-particle state. Then, it can be represented by an
eﬀective macroscopic wave function Ψ(r) so that the density is
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deﬁned as ρ(r) = |Ψ(r)|2. We minimize the free energy F[ρ], a
functional of the helium density ρ,
ρ ρ ρ μ ρ ρ= + − − ·−F E U N F R[ ] [ ] [ ] [ ] [ ]He CNT (4)
with E[ρ] denoting a slightly modiﬁed version of the Orsay−
Trento-density functional,27,34 μ and F being the chemical
potential and the retaining force, and UHe−CNT[ρ] introducing
the droplet/nanotube interaction:
∫ρ ρ=− −U Vr r r[ ] d ( ) ( )He CNT He CNT (5)
where VHe−CNT is the He/CNT interaction potential (unlike
Paper I,21 our new He/CNT potential model has been
employed here). The last two terms entering eq 4 allow for
the conservation of N, the particle number, N = ∫ dr ρ(r), and
R, the He droplet mass center, R = 1/N ∫ dr ρ(r) r. The
density functional E[ρ] reads34
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where the right-hand terms can be identiﬁed as the quantum
kinetic energy, the mean-ﬁeld He−He interaction via a
truncated He−He potential, and two terms accounting
phenomenologically for short-range correlations involving ρ ̅ ,
a locally averaged density for a given sphere of radius ̅h . For
these short-range correlation energy contributions, we chose
the original parameters ̅h , c2, and c3 of the Orsay−Trento
density functional, reproducing the experimental density,
energy per atom, and compressibility for the liquid at zero
temperature and pressure.27 The last term in eq 6 is a penalty
term avoiding unphysical piling-up of He density with ρm as
threshold value. For details we refer to refs 34 and 35.
As a second step, the total density of the 4He2000 droplet,
ρ(r), is partitioned into the innermost helium layer, ρI(r), and
the second and all following layers of helium, ρII(r). Next, we
calculate the nuclear wave function of a single 4He atom located
in region I. This is where both conceptually diﬀerent
approaches meet: The innermost layer of helium (i.e., region
I) is now replaced by a real He atom, switching from a
continuous into a discrete picture, while the remaining He
density in region II is still treated at the He-DFT level of
theory. The total potential felt by the 4He atom in region I can
be approximated as the sum of the He/CNT potential and an
embedding potential arising from the 4He atoms located in
region II, Vtot(r) = V
He−CNT(r) + Vemb(r). Speciﬁcally, the
embedding potential is deﬁned as
∫ ρ= ′ | − ′| ′−V Vr r r r r( ) d ( ) ( )emb He He II (7)
Figure 2. SAPT(DFT)-based decomposition of the interaction energies between a single He atom (upper panel) and a N2 molecule (lower panel)
with a short carbon nanotube (sCNT) of helicity index (5,5) and a radius of 3.37 Å. The He atom and the N2 mass center are located at a distance r
from the tube mass center, at the central plane perpendicular to the tube direction (z), with the N−N bond oriented along the same z axis. The cyan
line (upper panel) corresponds to SAPT(DFT) energies calculated with the cc-pVTZ basis for carbon atoms.21
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preserving the cylindric symmetry of the system. The nuclear
wave function of the embedded 4He atom can be written as in
eq 2 but considering two-dimensional ψm
n (r,z) functions to
account for border eﬀects in the ﬁnite length nanotubes. These
functions are obtained using the DVR approach, as a product of
2D-HO functions for the coordinate r and Sinc-DVR functions
for the z variable.
3. RESULTS AND DISCUSSION: HE/NANOTUBE AND
N2/NANOTUBE INTERACTION POTENTIALS
3.1. SAPT(DFT) Interaction Energies. Let us now focus
on the potential felt by a single He atom or a N2 molecule
inside and outside of a carbon nanotube. Considering an
unsaturated CNT(5,5) tube made of 40 carbon atoms, we
apply the SAPT(DFT) method as implemented within
MOLPRO.36,37 The CNT(5,5) is chosen because its diameter
is below the threshold value (0.7 nm) for which the
experimental measurements indicate a very limited helium
adsorption.9 We followed the same computational setup
detailed in Paper I,21 using the Perdew−Burke−Ernzerhof
(PBE) density functional,38 but enlarge the electronic basis set
to a modiﬁed version of the augmented polarized correlation-
consistent triple−ζ basis39 (aug-cc-pVTZ) for the nanotube
carbon atoms as well as for the helium and nitrogen atoms. To
solve linear dependence problems, the carbon basis was
modiﬁed by multiplying the most diﬀuse exponents for all
angular momenta by a factor of 2.3. This approach was carefully
validated in previous studies on the carbon nanostructures.24,40
Applying the density-ﬁtting (DF) technique, these calculations
become feasible.36,37 The DF of Coulomb and exchange
integrals has used the auxiliary basis set developed for the aug-
cc-pVTZ basis by Weigend,41 while the aug-cc-pVTZ/MP2Fit
basis42 was employed to ﬁt the integrals containing virtual
orbitals. The exchange-correlation PBE potential is asymptoti-
cally corrected43 using the ionization potential (IP) value
reported in the NIST Chemistry Web Book for the He atom44
while the nanotube IP values are estimated using the DFT
PBE0 approach45 instead. We note that for the considered
nanotubes the saturation of the dangling bonds at the tube
borders showed interaction energy diﬀerences below 6% at the
potential minima.
The SAPT(DFT) method decomposes the interaction
energy in ﬁrst-order electrostatic Eelec and exchange-repulsion
terms Eexch, second-order induction Eind and dispersion Edisp
terms, along with their respective exchange corrections
(Eexch−ind and Eexch−disp). The δ(HF) estimates
37,46 of induction
contributions beyond second-order terms are also calculated.
We combine the dispersion and exchange-dispersion contribu-
tions into the total dispersion portion, as the induction,
exchange-induction, and δ(HF) contributions are brought
together into the total induction term.
Figure 2 shows the energy decomposition as a function of the
radial distance r between the He atom (upper panel) or the N2
center-of-mass (bottom panel) and the nanotube center. We
collect these contributions at the corresponding potential
minima in Table 1. For the sake of clarity, the electrostatic Eelec,
exchange-repulsion Eexch−rep, and induction Eind terms are
summed to provide the total dispersionless interaction
(referred to as Etot
disp−less). A comparison between the additive
pairwise potential model and SAPT(DFT) potential energy
curves is also shown (see next subsection). The upper panel of
Figure 2 also incorporates SAPT(DFT) interaction energies
obtained with the smaller cc-pVTZ basis on carbon atoms.21
The enlargement of the basis set from cc-pVTZ to aug-cc-
pVTZ raises the attractive interaction by up to 14% and 18%
for He and N2, respectively.
Figure 2 and Table 1 clearly show that the adsorbate/
nanotube interactions are dominated by the dispersion at the
potential minima, representing at least 78% of the attractive
energy contribution. The dispersion also determines the global
interaction at distances larger than 4.6 Å from the carbon wall.
Naturally, the larger number of electrons and the polarizability
of the N2 molecule (about 11.77
47 vs 1.38 au for He48)
translate into more attractive dispersion terms, causing an
increase by a factor of 7 at the global minima (−626 vs −85
meV). Obviously, the larger number of electrons of the N2
molecule leads to a large overlap with carbon densities and a
more marked exchange-repulsion (574 vs 48 meV), which is
however fully compensated by the more attractive dispersion
term and electrostatic component (−142 vs −10 meV), as
expected from the quadrupole−quadrupole interaction for N2
and its absence for helium. As a result, the N2/CNT well is
about a factor of 4.5 deeper. For both adsorbates the induction
contribution is only signiﬁcant at the potential barrier,
accounting for 3−5% of the total interaction at the potential
minima (see Table 1). The δ(HF) corrections are very small,
representing 4−20% of the total induction term at the potential
minima. Unlike the dispersion (see Figure 2 and Table 1), the
dispersionless interaction is overly repulsive, mostly determined
by the exchange-repulsion, and grows exponentially as the
adsorbate−wall distance decreases.
Another clear feature of Figure 2 is the asymmetry of the
potential energy curve depending on the internal or external
adsorbate location with respect to the CNT(5,5) carbon wall.
As expected from the interaction with a larger number of C
atoms, the inner potential minima are much deeper than outer
ones. In contrast, the inner and outer potential minima
positions (see Table 1) are almost symmetric with respect to
the tube wall (about 3.4 Å for He). Notice that the relatively
Table 1. SAPT-Based Decomposition of the He/sCNT(5,5) and N2/sCNT(5,5) Interaction Energies Using the SAPT(DFT)
Methoda
He/sCNT(5,5) inside He/sCNT(5,5) outside N2/sCNT(5,5) inside N2/sCNT(5,5) outside
re, Å 0.0 6.8 0.0 7.0
Eelec, meV −10.27 −1.99 −142.09 −12.27
Eexch−rep, meV 48.13 10.29 574.30 51.05
Eind, meV −4.64 −1.02 −37.45 −3.08
Edisp, meV −84.96 −14.08 −626.09 −76.97
Etot, meV −51.75 −6.80 −231.33 −41.28
δ (HF), meV −0.18 −0.04 −4.93 −0.62
aBoth adsorbates are located at the potential minima positions (re) inside and outside the nanotube cage (see Figure 1).
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short CNT(5,5) radius (about 3.4 Å) allows the adsorbates to
beneﬁt from the attractive dispersion interaction with the
ﬂuctuating dipoles located at C−C bonds at opposite sides of
the nanotube cage. The exchange-repulsion is also large at the
nanotube center but completely quenched by the dispersion
interaction. In fact, the exchange-repulsion decays much more
rapidly (exponentially). Additionally, the carbon density is
higher at the CNT inner wall, also contributing to enhance the
interaction potential asymmetry. In this way, the He/CNT
exchange-repulsion at the tube center is not just twice that at
the potential minima on the outside but almost ﬁve times larger
(see Table 1).
3.2. Pairwise Potential Model. We have designed an
additive pairwise potential model (PPM) to ﬁt the dispersion-
less and dispersion SAPT(DFT) energy contributions. This
model is a modiﬁed version of that previously developed for
He/Mg(0001) and He/C60 interactions.
19,22 It also extends the
Lennard-Jones function developed by Carlos and Cole49,50 to
model the adsorption of noble-gases onto the graphite
surface,50 and later also on carbon nanotubes.51 The dispersion
energies are ﬁtted using the pairwise Das functional of Szalewicz
and collaborators,52−54 but modulated by an additional term
characterizing the anisotropy in the pair adsorbate−carbon
interaction:51
∑
∑
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where RHeC stands for the distance between the He atom (or
N2 mass center) and one carbon atom of the nanotube, and θC
is the angle between the radial vector going from the nanotube
center to one carbon atom and the vector RHeC pointing from
the He atom to the same C atom. The dimensionless factor γA
in the ﬁrst term is the parameter accounting for the anisotropy
of the C−C bonds. The sum in eq 8 runs over all carbon atoms
of the nanotube, and the terms f n (n = 6,8) stand for the
damping functions of Tang and Toennies.55 Interestingly, our
ab initio tuning provides γA values (0.4−0.6) of similar
magnitude to those used in studies on the phase transition of
noble gases in nanotubes (0.38 from ref 51).
As mentioned above, the dispersionless adsorbate/CNT
energies are overly repulsive and scale exponentially as the
distance between the interacting species decreases. They are
well ﬁtted by the function
∑ γ θ= + − × <
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with Rc as cutoﬀ distance. This function is well-deﬁned for RHeC
> 1 Å. Once again, the dimensionless factor γR is the anisotropy
parameter. The values of the He/CNT and N2/CNT
parameters are provided as Supporting Information.
Figure 3 shows radial scans of the potential energy surfaces
(PES) obtained by applying the PPM model to carbon
nanotubes of various diameters (from ∼3.4 to 12 Å) and a
length of about 13.5 Å, along with the short (5,5) nanotube,
Figure 3. Radial scans of the PES for the interaction of a single He atom (upper panel) and a N2 molecule (lower panel) with carbon nanotubes
(CNT) of various size, using our proposed pairwise potential model (PPM). PPM and SAPT(DFT) interaction energies are plotted in blue for the
short carbon nanotube, abbreviated as sCNT(5,5), with a length of 3.69 Å.
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abbreviated as sCNT(5,5), considered in the SAPT(DFT)
calculations (about 3.7 Å long). Notice that the increase of the
nanotube length makes the interaction more attractive (see
Figure 3). A nanotube of shorter diameter results in a net
repulsive interaction of either He or N2 with the internal carbon
cage. The He/CNT radial scans are similar to those presented
using the atom−bond potential model in Paper I.21 The
improvement brought by our PPM model lies mainly in the
better characterization of the hard-core of the interaction as
well as the asymmetry of the potentials with respect to the
carbon cage location. Our PPM model ﬁts almost perfectly the
SAPT(DFT) interaction energies both inside and outside the
sCNT(5,5) nanotube. The same holds for the separate
dispersionless and dispersion interactions. The model relies
on two basic conclusions from accurate studies of van der
Waals-dominated adsorbate/surface systems:14−19 (1) the
short-range nature of the dispersionless contribution allows
an appropriate tuning of model parameters using ab initio
energies on small surface cluster models; (2) the dispersion is
long-range, but dispersion parameters show excellent trans-
ferability properties upon increasing the size of the surface
cluster models.18 The ﬁrst outcome is reﬂected in the very
similar potential wall for the short and long CNT(5,5)
nanotubes (see Figure 3).
Notice that the dependence of the interaction energies in
Figure 3 on the tube radius is qualitatively very similar for He
and N2. In the outer region, the increase of the nanotube radius
results in the shifting of the potential minima position to larger
r values, with well-depths varying very slowly and converging to
the values obtained for a planar graphene sheet. The variation
of the inner potential landscape with the tube radius is more
pronounced: the larger the nanotube radius, the smaller the
dispersion is at the tube center. As a consequence, the potential
minimum moves from the center to positions closer to the
carbon wall. Also, the decrease of the cage curvature with
increasing tube radius makes the carbon density at the inner
surface more diﬀuse, and the adsorbate/nanotube exchange-
repulsion weaker. As a result, the distance from the inner
carbon wall to the adsorbate shrinks down to 0.5 Å (see Table
2).
4. RESULTS AND DISCUSSION: NUCLEAR BOUND
STATES OF (4HE)N/CNT AND (N2)N/CNT SYSTEMS
4.1. Nuclear Bound States of 4He/CNT and N2/CNT
Complexes. Let us now compare the He-CNT and N2-CNT
nuclear motions in carbon nanotubes: Figure 4 presents the
radial densities of all bound states with m = 0 while Table 3
collects the energies (ϵm
n , in meV) of bound states for m < 6,
considering three representative cases only. The ﬁrst thing to
notice is that the oscillation amplitude for the radial He-CNT
motion is more than twice larger than for the N2−CNT
counterpart. Also, the much deeper N2/CNT potential
supports a larger number of bound states for both m = 0
(see Figure 4) and m > 0 (see Table 3) and they are closer in
energy to each other.
Due to the very pronounced repulsive hard-core at the
carbon wall, we can separate the bound states for the adsorbate
inside and outside the nanotube. Notice from Figure 4 that
there are only three vibrational states with m = 0 upon 4He
atom adsorption on the inner CNT(5,5) surface. Since the
potential minimum is located at re = 0 (see Table 2), the
rotational constant for azimuthal 4He motion is rather large
(see eq 3) so that the energy of states with m > 0 diﬀers
signiﬁcantly from those with m = 0 (see Table 3). Inside the
tube, the total number of bound states for the 4He/CNT(5,5)
complex is just ten, which is an order of magnitude smaller than
that for the N2 counterpart. For the temperature of the
experiment9 (T = 2−5 K), however, only the lowest bound
state holds a signiﬁcant population in both 4He and N2 cases.
As typically found in classical descriptions of molecular
adsorption in nanotubes, upon increasing the temperature,
the N2 molecule tends to move along the attractive tail of the
interaction potential, as close as possible to the carbon wall, as
can be seen from the position of the maximum amplitude of the
wave function (see Figure 4).
When the 4He atom adsorbs inside the CNT(9,9) nanotube,
the shifting of the potential minimum from the center of the
nanotube to the lateral region (re = 3.2 Å) causes the dropping
of the rotational constant to very small values so that each
vibrational solution with m = 0 is followed by a tail of rotational
states with m > 0 (see Table 3). The number of bound states is
thus a factor of 8 larger for 4He/CNT(9,9) than for 4He/
CNT(5,5). Assuming a Boltzmann distribution at T = 5 K, only
the lowest bound state of the 4He/CNT(5,5) complex is
populated while six states become populated for the 4He/
CNT(9,9) system. As for a 4He atom adsorbed outside the
nanotubes, notice from Figure 4 that the very shallow
interaction potentials support just ﬁve bound states charac-
terized by very wide amplitudes (beyond 1.0 Å). Upon
increasing the re value, the rotational constant decreases so
that each vibrational state has associated its own rotational tail.
The enlargement of the nanotube radius aﬀects very slightly the
interaction potentials and then the vibrational levels. These
levels lie very close to those experimentally determined for a
single 4He atom adsorbed onto the graphite surface.56
4.2. Nuclear Bound States of (4He)N/CNT(n,n) Com-
plexes (N > 1). Let us now focus on how the inclusion of the
He−He interaction inﬂuences the nuclear bound states of
(4He)N/CNT(n,n) complexes (N ≤ 3). We have employed the
very accurate He−He potential of Cencek at al.,10 which
includes nonadiabatic and relativistic corrections. As explained
in the methodological section, the total wave function depends
on four and seven variables for N = 2 and 3, respectively, and it
is expressed as a sum of direct products of basis functions for
each coordinate. Speciﬁcally, 2D-harmonic oscillator functions
are used for the radial ri variables while Sinc-DVR functions are
employed for the relative distance along z and angular, relative
angles, and degrees of freedom; see the Supporting Information
for further details.
Table 2. Decomposition of He/CNT and N2/CNT
Interaction Energies in Dispersionless and Dispersion
Contributionsa
He/
CNT(5,5)
inside
He/
CNT(9,9)
inside
N2/
CNT(5,5)
inside
N2/
CNT(9,9)
inside
rCNT, Å 3.4 6.1 3.4 6.1
re, Å 0.0 3.2 0.0 3.0
Edisp−less, meV 30.99 27.83 398.77 166.90
Edisp, meV −108.10 −65.31 −765.63 −351.57
Etot, meV −77.11 −37.48 −366.66 −184.67
aBoth adsorbates are located at the potential minima (re) inside the
nanotube. The CNT radius (rCNT) is also indicated.
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Figure 4. Radial densities D(r) (in Å−1) corresponding to the nuclear bound states supported by (4He)/CNT(5,5) and (N2)/CNT(9,9) interaction
potentials (upper panel) as well as those supported by the (N2)/CNT(5,5) and (
4He)/CNT(9,9) interaction potentials (bottom panel). Left (right)
panels show the bound states for the adsorbates inside (outside) the carbon nanotubes. The densities D(r) are normalized as ∫ dr D(r) = 1. All
bound states correspond to m = 0. The experimental values of bound-state energies for 4He/graphite are also depicted with dashed gray lines.56
Table 3. Nuclear Bound-State Energies (ϵm
n , in meV) of 4He/CNT and N2/CNT Complexes As a Function of Vibrational (n)
and Rotational (m) Quantum Numbers, with the Adsorbate inside the Tubesa
n m = 0 m = 1 m = 2 m = 3 m = 4 m = 5
4He/CNT(5,5) inside
0 −66.87 −55.53 −43.26 −30.15 −16.28 −1.71
1 −42.20 −28.21 −13.56
2 −12.66
4He/CNT(9,9) inside
0 −32.66 −32.60 −32.42 −32.13 −31.71 −31.18
1 −23.60 −23.52 −23..30 −22.92 −22.40 −21.74
2 −16.77 −16.66 −16.33 −15.79 −15.07 −14.17
N2/CNT(5,5) inside
0 −356.99 −344.19 −331.86 −318.22 −305.05 −291.76
1 −331.14 −317.97 −304.68 −291.27 −277.75 −264.11
2 −304.55 −291.02 −277.38 −263.63 −249.77 −235.81
aThe ϵm
n values are provided for all the 4He/CNT(5,5) bound states, along with those with m < 6 and n < 3 for 4He/CNT(9,9) and N2/CNT(9,9)
complexes. Notice that these energies are calculated using long nanotubes (see Figure 3) and not the short nanotube considered in the SAPT(DFT)
calculations (see Figure 2).
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Fixing Λ to zero, a single bound state is found when the He−
He interaction is included. Starting with the CNT(5,5) tube,
the left panel of Figure 5 shows the N-dependence of ground-
state single-particle radial distributions while pair density
distributions as a function of the relative He−He distance
along z are presented in the right panel. From the inset of
Figure 5, notice that the radial distributions renormalized to
unity are almost indistinguishable for N = 1−2, with the peak
distributions at the center of the nanotube where the potential
minimum is located (r = 0). The total wave function can be
written as a single product of single-particle wave functions,
with N 4He atoms along the z axis. From the right panel of
Figure 5, we can see that the pair density distribution is
extremely delocalized along the tube long axis so that the
average value ⟨|z12|⟩ is 22.3 Å.
As found in previous studies of doped and para-H2 and
helium clusters (see, e.g., refs 57−60 and references therein),
the total energy of 4He/CNT complexes can be expressed as N
times the energy of the ground-state wave function for N = 1
(i.e., the lowest nuclear orbital) plus a very small attractive term
Figure 5. Left panel: He/CNT(5,5) interaction potential and radial distributions of densities for N 4He atoms inside the nanotube. The densities are
normalized as ∫ dr D(r) = N (those shown in the inset are renormalized to unity). Right panel: Comparison of the pair density distribution of the
pure 4He2 dimer with that of the (He)2/CNT(5,5) complex as a function of the relative z12 = z2−z1 distance (scaled to 2.0 to have the same
normalization). The z12 density is symmetric so that only the region with z12 > 0 is displayed.
Figure 6. Upper left panel: He/CNT(9,9) interaction potential and radial distributions of densities for N 4He atoms inside the nanotube. The
densities are normalized as ∫ dr D(r) = N (those shown in the inset are renormalized to unity). Upper right panel: He−He interaction potential and
pair density distributions as a function of the He−He distance for N 4He atoms inside the nanotube and the 4He2 dimer. Lower left panel: Pair
density distributions as a function of the relative ϕ12 = ϕ2 − ϕ1 angle for N = 2, and the χ1 = ϕ2 − ϕ1 and χ ϕ= −
ϕ ϕ+
2 3 2
1 2 angles for N = 3. Lower
right panel: Pair density distributions as a function of the relative z12 = z2 − z1 distance. Notice the density peak at about the minimum of the He−
He interaction potential (∼3 Å).
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⟨VHe−He⟩ arising from the He−He interaction, EN = N × ϵ00 +
⟨VHe−He⟩. The binding energy between two
4He atoms inside
the CNT(5,5) tube is only −0.313 μeV. This value can be
compared with the nuclear bound state energy of the pure 4He2
dimer (−0.138 μeV), despite the well-depth of the He−He
potential (−0.94 meV; see Figure 5). Due to the hard core of
the He−He interaction and very small 4He mass, the 4He−4He
vibrational motion is characterized by an exceptionally large
zero point energy as compared with the corresponding well-
depth. Thus, the average interatomic separation of the helium
dimer is 50 Å, which is much larger than the He−He distance at
the vdW minimum of 3 Å. The He−He interaction is very
weakly screened by the CNT(5,5) carbon cage so that, in
practice, we have an almost unperturbed “pure” 4He dimer
along z, holding a long-range tail of attractive interaction
essentially stopping at 100 Å (see right panel of Figure 5).
From our results, it is clear that the large average interatomic
distance of the 4He2 dimer (about 50 Å) along with the weak
screening of the He−He interaction when the 4He atoms are
accommodated along the tube long axis are fundamental
reasons why small ﬁlling factors have been measured for helium
adsorption in small diameter (below 0.7 nm) nanotubes.9 Due
to the larger mass of the N2 molecule and the more attractive
pair interaction, the average separation of N2 centers of mass
for the (N2) dimer (about 4 Å, see below) is much shorter than
for the 4He2 dimer. Hence, it can be expected that the number
of He atoms in a given length is smaller than the number of N2
molecules. This would already explain why N2 adsorption is less
restricted in narrow nanotubes;9 vide infra for NWF
calculations supporting this assumption. Since helium adsorp-
tion was found unimpeded through larger diameter (above 0.7
nm) nanopores, it is expected that the eﬀective 4He−4He
motion must be strongly dependent on the conﬁnement size,
i.e. the nanotube radius. To prove this, let us consider the
CNT(9,9) tube with a diameter of ∼1.1 nm (see Figure 6). As
for the CNT(5,5), it turns out that N 4He atoms occupy the
same orbital (i.e., the ground-state wave function of a single
4He atom). Consequently, the radial density distributions, D(r),
diﬀer just by the normalization factor N (see upper left panel of
Figure 6). The 4He atoms are conﬁned at the potential
minimum, which, for the larger tubes, is located at the lateral
region closer to the carbon wall (see Figure 3).
Once again, the total energy for N 4He atoms inside the
CNT(9,9) tube can be written as N times the energy of the
occupied orbital, ϵ0
0, plus a term ⟨VHe−He⟩ accounting for the
weakly attractive He−He interaction. The binding energy is
−0.0224 and −0.0353 meV for two and three 4He atoms,
respectively, i.e., 2 orders of magnitude larger than for either
the CNT(5,5) counterpart (−0.313 μeV) or the isolated 4He
dimer (−0.138 μeV). Comparing the pair density distributions
of an isolated and conﬁned 4He dimer (see upper right panel of
Figure 6), it is clear that the latter is much more localized. The
pair density is peaked at rHe−He ∼ 6 Å, which is close to 2re (6.4
Å). Besides the maximum, notice the shoulder of the pair
density entering into the minimum region of the He−He
potential. As shown in the Supporting Information, the pair
correlation function is peaked at the same He−He distance as
measured in bulk superﬂuid liquid helium by neutron
diﬀraction.61 Furthermore, when going from two to three
4He atoms, the pair function develops a minimum at the same
position as the liquid helium counterpart.
The pair distribution over the relative ϕ12 angle (see lower
left panel of Figure 6) displays the maximum for the 4He2
dimer in an orthogonal orientation to the nanotube axis. A third
4He atom ﬁnds its optimal position at the opposite site of the
4He2 dimer center of mass. In turn (see the lower right panel of
Figure 6), the pair distribution over the relative z12 distance is
peaked at zero, i.e., with the 4He atoms in the plane
perpendicular to the tube axis. However, it is important to
notice the bending of the distribution at the position of the
minimum for the He−He potential (∼2.97 Å) and the long tail
extending up to 20 Å. These features indicate the two-
dimensional conﬁnement exerted by the carbon cage. Although
the obvious most probable conﬁguration for three 4He atoms in
the perpendicular plane would be triangular, pair density
distributions reﬂect very wide amplitude motions. This is
particularly evident by the delocalization of the 4He−4He
nuclear wave function in z. The coupling between the motions
in z12 and ϕ12 is also noteworthy.
Summarizing, the 4He atoms ﬁll a toroidal two-dimensional
shell around and along the CNT(9,9) tube symmetry axis. As
opposed to the CNT(5,5) case, there is no bound state with the
4He atoms at the tube center, despite the attractive He/
CNT(9,9) interaction there; see Supporting Information for an
Figure 7. Left panel: radial distribution for two N2 molecules (red) or two
4He atoms (sea-green) in the CNT(5,5) tube. Right panel: pair density
distribution D(z12) as a function of the relative distance along z between two N2 molecules (red) or two
4He atoms (sea-green) in the CNT(5,5)
tube. Pair densities for two N2 molecules in excited states (dashed lines) are also shown, along with the N2−N2 interaction potential of both pure and
conﬁned (N2)2 dimers.
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eﬀective interaction model along z explaining this behavior.
The average radius of the toroidal helium shell can be identiﬁed
with the re value at the potential minimum (i.e., re = 3.2 Å; see
Table 2). Taking into account the position of the highest peak
in the D(RHe−He) distribution (about 6.0 Å; see Figure 6), it is
clear that the shell is not saturated with three 4He atoms. Since
the wave function calculation becomes unfeasible for larger
sizes, we will get back to the density functional formulation of
Paper I21 (see next section).
4.3. Comparison between 4He2/CNT(5,5) and (N2)2/
CNT(5,5) Complexes. The main reason why a nanotube of
diameter below 0.7 nm is better ﬁlled with N2 than with helium
at low temperature can be revealed by comparing the nuclear
wave functions of 4He2/CNT(5,5) and (N2)2/CNT(5,5)
complexes in the ground state. Here we employ the N2−N2
interaction potential of ref 11. Radial density distributions D(r)
and pair density distributions D(z12) are shown in Figure 7. It
can be seen that the nuclear wave function is much more
localized for (N2)2 than for
4He2, either in the radial direction r
or along the longitudinal z axis of the nanotube.
For both 4He2/CNT(5,5) and (N2)2/CNT(5,5) systems, the
dimer nuclear motion along r is decoupled from the relative
motion of the monomers along z. Then, the total wave function
is simply a product of two monomer single-particle wave
functions, located at a certain distance along z. Once again, the
total energy can be expressed as two times the energy of the
single N2/CNT complex, ϵ0
0, plus a term, ⟨VN2−N2⟩, coming
from the eﬀective N2−N2 interaction along z. As a zeroth-order
approximation (see Supporting Information for the details),
this eﬀective interaction can be written as a function of the
relative z12 distance as
∫π ϕ=
π
−V z V R( )
1
2
d ( )eff 12
0
2
12 N N2 2 (10)
where VN2−N2 is the interaction potential of the pure N2−N2
dimer and R is deﬁned as
ϕ= − +R r z2 (1 cos )2 02 12 12
2
with r0 as the r average over the radial distribution D(r) (about
0.096 Å). The strong conﬁnement in short diameter nanotubes
leads to very small r0 values.
From eq 10, notice that the interaction potential of two
isolated N2 molecules VN2−N2 (or two isolated He atoms) is
slightly modiﬁed by the carbon cage. The eﬀective Veff and
unperturbed interaction potential VN2−N2, plotted together in
Figure 7, are almost indistinguishable. Hence, the term ⟨VN2−N2⟩
can be estimated as the energy of the lowest vibrational level
supported by the unperturbed VN2−N2 potential. The same holds
true for excited states sharing the same D(r) distribution (i.e.,
the ﬁve bound states of the VN2−N2 potential).
Using our eﬀective model (see eq 10), “exact” and estimated
⟨VN2−N2⟩ values are −6.55 and −6.56 meV, respectively, while
“exact” and estimated ⟨VHe−He⟩ values are −0.313 and −0.284
μeV. The N2−N2 binding energy (−6.55 meV) is thus more
than 3 orders of magnitude larger than the 4He−4He
counterpart (i.e., − 0.313 μeV). On one hand, the N2−N2
well is about ten times deeper (−8.41 vs −0.94 meV). On the
other hand, the reduced mass of the (N2)2 “diatomic” is a factor
of 7 larger. Due mainly to the very diﬀerent scales of quantum
zero point eﬀects, the 4He2/CNT(5,5) system is extremely
weakly bound and characterized by an extremely broad
distribution in z, extending up to 100 Å. Contrarily, the
(N2)2/CNT(5,5) is still a vdW-type complex, but much more
strongly bound than the 4He2/CNT(5,5) system, with a very
localized proﬁle in z and a tail stopping at 5 Å. While we ﬁnd a
single bound state for the 4He2/CNT(5,5) system, a signiﬁcant
number of them exists in the (N2)2/CNT(5,5) case (see Figure
7).
To sum up, our comparison clearly demonstrates that the
eﬀective size of the 4He2 dimer in narrow nanotubes is much
larger than the (N2)2 counterpart, both of them being conﬁned
along the tube long axis and almost unperturbed by the carbon
cage. Comparing the average separation of the former and the
latter in the ground state (about 50 vs 4 Å), it follows that the
number of He atoms in a given nanotube length should be
much smaller. From this, it can be easily understood why more
molecular nitrogen than helium is adsorbed in narrow carbon
nanopores at low temperature.9
Before closing this section, we brieﬂy comment on the main
diﬀerences of the (N2)2 bound states when the nanotube
diameter is increased. To analyze them, the Supporting
Figure 8. Upper panel: radial distribution of the helium densities for fully immersed carbon nanotubes at z = 0. Positions of the tube walls are
indicated by vertical bars of the same color. Lower panel: Contour plots of the helium density for fully submerged carbon nanotubes of various
helicities (n,n), for n = 5, 8, and 9, labeled in ascending order from (a) to (c).
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Information reports the details of the lowest-energy bound
states of the (N2)2/CNT(9,9) complex. As opposed to the
CNT(5,5) case, a strong coupling between ϕ12 and z12 variables
occurs in the wave function for all bound states considered.
There is a clear transition from one- to two-dimensional
conﬁnement regime, where the density of bound states is much
higher. For instance, the energy diﬀerence between the ground
and the fourth excited state is −0.72 meV only. Even at T = 5
K, assuming a Boltzmann distribution, four lowest-energy states
would be signiﬁcantly populated. Contrarily, for the (N2)2/
CNT(5,5) complex, the same holds true at T = 50 K. Similarly
to the CNT(5,5) case, all density distributions show rather
localized proﬁles as compared with the helium distributions.
5. MIXED HELIUM DENSITY FUNCTIONAL AND
NUCLEAR WAVE-FUNCTION APPROACH
Using our new potential model, the He-DFT approach has
been applied to a 4He2000 droplet with immersed carbon
nanotubes of the same chiral indexes as in the wave function
calculations; see Supporting Information for additional nano-
tube sizes. Figure 8 shows one- and two-dimensional
distributions of the helium densities along the r and z
coordinates. These proﬁles are very similar to those presented
in Paper I,21 with the exception of a shift (∼0.4 Å) for the
helium shells outside the nanotube; see Supporting Information
for a graphical comparison. In the outer region, the hard-core of
the atom−bond model model potential used in ref 21 was
located at shorter distances than the ab initio interaction
energies. In any case, the similarity of the density proﬁles
illustrates the robustness of the He-DFT results against
improvements of the potential model.
Let us now discuss the He-DFT results in the context of the
nuclear wave function calculations presented in the previous
section. First, we notice that the assumption of condensation in
the same N-occupied orbital in He-DFT formulations is
supported by the calculated nuclear wave functions for N ≤
3. In fact, we have previously shown that renormalized radial
densities D(r) are indistinguishable from each other,
irrespective of the N value and the nanotube size. This spatial
conﬁnement in the radial direction is the key to explain the
formation of cavities inside the tube.21 Second, as seen in
Figure 8, the CNT(5,5) tube is saturated with a quasi-one-
dimensional helium layer along the z axis at r = 0, i.e, the
position of the global He/CNT(5,5) potential minimum.
Integrating the helium density over the nanotube volume, it is
found that just three 3He atoms are ﬁlling the CNT(5,5) tube.
Such a small helium ﬁlling factor is easily understood by
considering the tube length (∼13.5 Å) and extremely extended
pair 4He−4He density distribution along z (beyond 40 Å, see
right panel of Figure 5). As discussed above, one-dimensional
conﬁnement strained by the carbon (5,5) cage together with
the huge zero-point energy of the 4He−4He vibrational motion
are mainly responsible for this behavior.
Upon increasing the nanotube radius beyond 0.7 nm (see
Figure 8), an inner concentric helium shell around the tube axis
is formed in which about 10−12 4He atoms are equally
distributed over the ϕ direction, with 2−3 4He atoms being
extended along the nanotube length (∼13.5 Å). As discussed
above (see Figure 6), the pair 4He−4He density distributions
are rather localized in the radial direction as compared with the
very pronounced nuclear delocalization along z. As for helium
densities on the outside of the nanotube (see Figure 8), the
formation of three toroidal helium layers is in good agreement
with the ﬁlling of the three lowest-energy orbitals supported by
the He/nanotube potential (see Figure 4), considering the
eﬀective radii of the cylindric layers and optimal He−He
intralayer distance.
Overall, nuclear wave function-based and He-DFT pictures
translate very well into each other. However, an important
feature cannot be explained through our wave function
calculations: As seen in Figure 8 and stressed in Paper I,21
along the concentric helium shell inside the CNT(9,9) tube, a
central layer does appear with about 2−3 4He atoms inside.
This is in contrast with both the CNT(8,8) case (see Figure 8)
and the wave function calculations for the CNT(9,9) tube. To
explain this, we apply an embedding scheme, described in the
second section, and calculate the wave function of a single 4He
atom in an eﬀective potential incorporating the eﬀect of the
toroidal helium shells. As shown in Figure 9, the addition of
these shells as an embedding potential causes the shift of the
global potential minimum from the lateral region to the
nanotube center and, then, of the 4He atom wave function. The
binding energy of this 4He atom is just −0.604 meV. This
indicates that the attractive He−CNT interaction at the tube
center is eﬀectively screened by the helium shell close to the
carbon wall.
Figure 9. Left panel: Radial distribution of one 4He2000 droplet for fully immersed carbon nanotubes of several chiral indices at z = 0. Right panel:
He/CNT(9,9) interaction potential at z = 0 along with radial density of the 4He ground-state wave function (shown in sea-green). Notice that,
adding the embedding potential from the second and following helium layers (see inset picture), the global potential minimum (shown in cyan at z =
0) is shifted to the center of the nanotube, as the 4He wave function is.
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6. CONCLUSIONS
The main motivation of this work has been to provide
fundamental insights into the role of intermolecular interactions
and quantum nuclear eﬀects on molecular adsorption in carbon
nanotubes. Due to the availability of experimental measure-
ments,9 and as a follow-up study of a theoretical helium density
functional-based work,21 we have chosen clusters of 4He and
N2. Our methodological protocol combines modern ab initio
theory for intermolecular interactions, applying the SAPT-
(DFT) treatment, and our ad-hoc-developed nuclear wave
function-based method.
As expected from the larger number of electrons and the
polarizability of N2, the SAPT(DFT)-based analysis reveals that
the N2 molecule is more strongly conﬁned by the carbon cage
than atomic helium, with the N2/CNT well being a factor of 4−
6 more attractive. With both He/CNT and N2/CNT being
dispersion-dominated interactions, the attractive electrostatic
component from the quadruple−quadruple interaction is
signiﬁcant for the N2/nanotube and absent for the He/
nanotube pair. Upon increasing the nanotube diameter, the
potential minima move from the center to positions closer to
the carbon wall.
The main question raised by experiment9 was why helium
barely adsorbs in small diameter carbon nanopores (below 0.7
nm) at low temperature (T = 2−5 K) while N2 diﬀuses more
easily, a ﬁnding which is in stark contrast with the classical
expectation based on kinetic diameters. As already indicated in
the original experimental study9 and conﬁrmed by our helium
density functional studies,21 our benchmark calculations show
that this can be attributed to a larger eﬀective size of helium
compared to N2 caused by more marked nuclear quantum
eﬀects at the low-temperature regime. Selecting a nanotube
with diameter below 0.7 nm with two N2 molecules or
4He
atoms inside, we have demonstrated the carbon-cage-induced
conﬁnement is one-dimensional along the tube longitudinal z
axis and that the eﬀective He−He and N2−N2 interactions are
almost unperturbed from that of the isolated dimers. We
propose an eﬀective one-dimensional model explaining this
ﬁnding. The very diﬀerent average 4He−4He and N2−N2
separations (about 50 and 4 Å, respectively) explain why the
number of adsorbed 4He atoms at a given nanotube length
should be smaller than the number of N2 molecules, despite the
expected variation in adsorbate clusters larger than dimers.
Both the interaction adsorbate/nanotube potential and the
nuclear wave function landscapes change completely when the
adsorbates are conﬁned in nanotubes of larger diameter (above
0.7 nm). First, the global minimum of the potential shifts from
the nanotube center to the lateral region closer to the carbon
cage. This causes the turnover to a two-dimensional conﬁne-
ment regime for which the 4He atoms start to ﬁll a toroidal
helium shell around the tube long axis. Moreover, the pair
correlation functions start to have proﬁles resembling that
measured for bulk superﬂuid liquid helium at T = 1 K.61 The
radial densities from nuclear wave function and helium density
functional calculations are fully consistent with each other.21
Importantly, the nuclear wave function calculations conﬁrm
that the 4He atoms occupy the same single-particle orbital in
the radial direction of diﬀerent sized nanotubes, providing the
key explanation for the existence of cavities of zero helium
density.21 The application of our embedding approach which
combines both methods is necessary, however, to explain the
appearance of an additional helium accumulation along the
tube long axis. When considering N2 as the adsorbate, the
density of bound states is much higher in the two-dimensional
conﬁnement regime. For both helium and N2, the quantum
modes associated with angular degrees of freedom become
strongly coupled to the motion along z under two-dimensional
conﬁnement.
Being aware of the importance of accurate modeling for the
adsorption of gas molecules onto carbon nanostructures, we
have proposed a pairwise additive model which also bears the
potential for generalization to other types of gas molecules. Our
work also illustrates how nuclear density functional and wave
function treatments can be complementary to each other. Work
is in progress to further advance in the embedding approach
proposed in this work, opening the possibility to reveal deeper
insights into the coupled motions of large molecular quantum
systems via a combination of helium density functional- and
nuclear wave function-based treatments.
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(42) Weigend, F.; Köhn, A.; Haẗtig, C. Efficient Use of the
Correlation Consistent Basis Sets in Resolution of the Identity MP2
Calculations. J. Chem. Phys. 2002, 116, 3175−3183.
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